ABSTRACT We propose and discuss the elastic wave attenuation of hollow metamaterial beam embedded acoustic black hole. More abundant physical phenomena are given by modal analysis, shows that the band gap of three-dimensional acoustic black hole metamaterial is different from two-dimensional one. Lateral flexural vibrations occurs and make the original first two-dimensional band gap be compressed, and the opening of first three-dimensional band gap are caused by coupling effect between the longitudinal and lateral flexural vibrations. Below 1200Hz, only two band gaps exist, the geometric parameter m1 and angle γ could affect the band structure a lot, while the effect of geometric parameter m0 is a little less. Mutual validation of transmission spectra of vibration test and finite element analysis calculation and band gaps, illustrating its validity of the structure design, corresponding results could stimulate the realizations of three-dimensional acoustic black hole structure, particularly paves the way for the bridge from the corresponding theory of low frequency vibration and noise reduction to the practical application.
I. INTRODUCTION
Effective control of low frequency noise [1] and harmful vibration [2] has long been one of the difficult problems in engineering. Over the past decade, the acoustic [3] or elastic metamaterials [4] born from electromagnetic wave analogy [5] can produce novel physical properties, including localresonances metamaterial [6] , low-frequency acoustic absorption of membrane metamaterials [7] , elastomechanical cloak of pentamode metamaterials [8] , phase regulation of acoustic metasurface [9] . For the control of low-frequency elastic waves, the research and application of local resonance mechanism [10] - [12] have been complete. Although local resonance metamaterials exhibit excellent wave attenuation characteristics at low frequencies, their fabrication is complex and requires sophisticated structural design. As a new elastic wave absorbing structure, acoustic black hole has attracted great interest as soon as this appear [13] . The reason of vibration is the propagation effect of elastic wave in structure, and the characteristic of acoustic black hole effect [13] is to change the impedance of structure
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by changing the local thickness of structure itself, so as to reduce vibration and noise.
According to the geometric acoustics theory, when flexural wave propagates along the structure with thickness change, the group and phase velocities of flexural wave would be slowed as the thickness decreases, and local thickness h(x) of the structure and the distance x from the location to the edge of the structure should satisfy h(x) = εx m (m ≥ 2) [13] . Under the limit and ideally condition (h(x)=0), flexural wave can achieve zero reflection at acoustic black hole region. The acoustic black hole design have been theoretically analyzed and experimentally verified in one-dimensional rod and two-dimensional flat plate. In the early research of this field, geometric acoustics approach proved that the acoustic black hole is only effective at high frequencies of around 2-3 kHz [14] , and vibration test of one-dimensional acoustic black hole showed it has reductions of 10-15 dBs at frequencies of 3-5 kHz [15] . In order to further extend in two-dimensional board structure, researchers have accumulated a lot of fundamental work [16] - [27] , but the effective range of attenuation frequency is concentrated in medium and high frequencies. In order to overcome the difficulty of eliminating low frequency vibration, the viscoelastic damping material embedded in the acoustic black hole beam has VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ FIGURE 1. Schematics of the three-dimensional hollow metamaterial beam with acoustic black hole. Geometric dimensions m0, m1, hb, h0, a and folding angle γ are marked out, m0 = m1 = 0.03m, h0 = 0.0005m, hb = 0.0064m, a = 0.12m, γ = 45 • , hollow region is in the area shown by the arrow, dotted line is Bloch periodic boundary.
been proved to be effective by vibration test [28] . On the other hand, acoustic black holes are generally believed to act only on flexural waves, but V-folded acoustical black hole metastructure could attenuate longitudinal and flexural vibration [29] . It is worth noting here that theory and simulation calculation are often not consistent with the experimental results in some frequencies, out-of-plane modes and torsional modes [30] exist in vibration test, and are neglected in twodimensional models. Recently, researches of acoustic black hole turns to low-frequency vibration reduction [29] , [31] , expand the their application fields. Both FEA simulation and test results show that the composite beam [29] and plate [31] structures with acoustic black holes have the effect of efficient low-frequency vibration attenuation. In this paper, we propose a hollow metamaterial beam with acoustic black hole, which developed from V-folded models from earlier research [29] , the comparative study of the band gap region between two-dimensional and three-dimensional models could reveal more physical mechanisms, because of introducing the degree of freedom at Z direction. The research in this paper not only presents the difference between two-dimensional and three-dimensional models constructed with the same geometry in practical applications, but also the physical mechanism behind them has potential applications in the field of elastic wave regulation
II. MODEL STRUCTURE DESIGN
A unit cell of the three-dimensional hollow metamaterial beam with acoustic black hole, proposed in this paper, are shown in Fig. 1(a) . It consists of adjacent hollow structures connected at a certain angle γ . The unit cell of hollow metamaterial structure is made up by rotating acoustical black hole contour by its own geometric axis, therefore, it has degrees of freedom in three-dimensional space. Which is different from planar structure in earlier researches [29] , [31] - [34] . On XY plane, geometric dimensions of the unit cell shown in Fig. 1 are given by the lattice constant a of the unit cell, the external diameter of hollow metamaterial beam is h b , residual thickness is h 0 . With regard to each acoustic black hole outline, h(x) = 3x 2 + 0.0005(m), the contours and the remaining lengths of the unilateral acoustic black hole at X direction are m 0 and m 1 , respectively. In order to achieve light weight requirements and facilitate later processing, linear elastic material nylon is chosen as the rigid material in structural design, and corresponding elastic parameters are density (1150kg/m 3 ), Poisson ratio (0.4) and Young's modulus (2 × 10 3 MPa).
III. BAND STRUCTURE CALCULATIONS AND MODAL ANALYSIS
We use solid mechanics module of COMSOL Multiphysics 5.3 to calculate the band structures of three-dimensional and two-dimensional models, which is verified by vibration test method employed in earlier studies [29] , [32] . Floquet-Bloch boundary conditions are applied on the lateral boundaries of the unit cell, as shown in Fig.1 . Boundary layer mesh are adopted to avoid the non-convergence of calculation caused by small size of narrow region in acoustic black holes. Since the hollow metamaterial beam in this paper only has an infinite period along the X direction, wave vector k in first Brillouin zone is a straight line [35] for both three-dimensional and two-dimensional models. COMSOL Multiphysics software parametric scan function is used to ergodic each point: (0,0), (0.1,0), (0.2,0), (0.3,0)..... (1, 0) , and obtain the natural frequency of each point in the band structure. Fig. 2 (a) shows the calculation results of hollow metamaterial beam, three different color lines represent different modes. Noting here, we determine vibration modes based on the global Cartesian coordinate system, not on the local coordinate system on single branch beam in the unit cell. In Fig. 2(a) , the band structure of the hollow metamaterial beam has ten bands below 1200Hz, two green lines are vertical flexural waves, which propagate along X direction with displacement field polarized at Y direction. Five blue lines represent lateral flexural waves, which propagate along X direction with displacement field polarized at Z direction, two red lines correspond to the longitudinal waves. In Fig. 2 (b), red and blue dotted lines represent band structures of two-dimensional and three-dimensional structures consisting of identical geometric contours, the band gap region distributions of two-dimensional and threedimensional models are compared without distinguishing different modes. Fig. 2 (c) and (d) shows a more intuitive comparison, pink region is much smaller than the green region, illustrating out-of-XY-plane modes would be introduced into three-dimensional model to compress the original two-dimensional band gap region. In the range of 0 ∼ 1200Hz, four two-dimensional band gaps exist, but only two three-dimensional band gaps exist. In Fig. 2(a) , four bands of the lowest order correspond three different dispersion relation (vertical flexural waves, lateral flexural waves and longitudinal waves) from reduced vector k = 0, but the two-dimensional model only has vertical flexural waves and longitudinal waves, and leading to the lower edge of first band gap of three-dimensional model being higher than two-dimensional model, as shown in Fig. 3 (c) and (d) . Different modes are distinguished because of different vibration displacements. Nevertheless, the first band gap of the three-dimensional model is still slightly wider than that of the two-dimensional model. The two-dimensional second band gap are below 900Hz, but three-dimensional second band gap move to the higher frequency range and become narrower. Therefore, the thickness of Z direction is not taken into account in the study of two-dimensional planar structure, it means that the lateral flexural waves does not occur, and in fact limits the generalization of the two-dimensional model in practical application. By comparison, it can be seen that the number of band gaps decreases from four to two due to the existence of lateral flexural waves at Z direction in the three-dimensional model, and the corresponding band gaps regions are also shrinking.
In order to reveal the mechanism of physical model more profoundly, vibration modes, corresponding to the upper and lower edges of band gaps in three-dimensional model marked out in Fig.1 (d) , are shown in Fig. 3 . Modes A1 and A2, corresponding the lower and upper edge of three-dimensional first band gap, are the longitudinal and lateral flexural vibrations, respectively. Therefore, the reason for the opening of the first band gap is the decoupling of lateral flexural vibration and longitudinal vibration, as well as the different vibration modes hindering the elastic waves transmission. We continue to discuss the three-dimensional second band gap, within this frequency range, the attenuation of flexural modes by acoustic black hole is obvious, which can be seen in mode A3. In mode A4, the vibration displacements of two geometric center of the acoustical black holes are small, but there are four lateral flexural modes are obvious. First and second band gap of hollow metamaterial beam with acoustic black hole originates from decoupling modes between out-of-XYplane and in-XY-plane, lower edges are the longitudinal and vertical flexural modes, but the upper edges correspond to lateral flexural modes. Additionally, torsional modes exists in rods like the metamaterial beam in this paper, which may be coupled with vertical flexural waves, generally concentrated in medium or high frequencies, but below 1200Hz, no torsional modes are found. In two-dimensional FEA analysis, lateral flexural modes (out-of-XY-plane) and mixed modes (in-XY-plane) are not coupled, the reason lie in wave number k z does not exist, and displacement u z can propagate independently, is not affected by displacement u x and u y . But in a three-dimensional structure with finite thickness, u z varies across three dimensions, specifically in the hollow region of metamaterial beam, Bloch condition is only applied at the unit cell lateral boundaries, and all the other surfaces are traction free.
IV. RESULTS AND DISCUSSIONS
We continue to discuss the effect of geometric parameter m0, m1 and γ on the low frequency band gap of hollow metamaterial beam. Noting that other geometric dimensions and material properties remain unchanged when the single parameter changes. As geometric parameter m0 increase from 0.01m to 0.07m, the change law of upper and lower edge of first three-dimensional band gap is the same, as shown in Fig. 4 (a) , all descend first and then rise again, its bandwidth also narrow first and then widen. As the geometric parameter m0 increase from 0.01m to 0.1m, upper and lower edge of first three-dimensional band gap all descend and their bandwidth narrow. When m1 = 0.01m, the bandwidth is similarly greater than 500Hz. When m1 ≥ 0.08m, the whole first three-dimensional band gap locates below 100Hz, ultra-low frequency vibration attenuation can be achieved. The angle γ between adjacent cell cells also affects the bandwidth of first band gap. The larger the angle γ is, the wider the first band gap is, the change of the upper edge is very obvious. Geometric size m1 is actually the non-acoustic black hole region. When m1 is small, the effect of acoustic black holes on lateral flexural vibration is enhanced because m0 remains unchanged, so the first band gap is enlarged. When m0 changes, while m1 remains unchanged, its effect on the VOLUME 7, 2019 overall metamaterial beam is limited, so its effect is inferior to m1. The effect of angle γ on first band gap is contrary to that of geometric size m1, because the smaller the angle γ is, the flatter the whole metamaterial beam is, and the weaker the coupling between flexural and longitudinal wave is. Therefore, the larger the angle γ is, the better the attenuation of elastic wave is. But at the same time, it is difficult to ensure the accuracy of the connecting parts between adjacent unit cells, so the angle γ chosen in this paper is 45 • . Fig.4 (d) express the change of three-dimensional first bandwidth along with the variation of two geometric parameters, m1 and m0. It can be seen that the effect of geometric parameter m1 on bandwidth is greater than that of geometric parameter m0. Fig.5 (a) shows the transmission spectra of the 10-period finite unit cells along X direction. On the left and right sides of the structure, PML are used to ensure accurate calculation results. Vibration test investigations, as shown in Fig.5 (b) , were performed on a set of four unit cells constructed by additive manufacturing SL600 from ZRapid Tech R , geometric dimensions and materials are consistent with FEA calculations. We use the super glue to create a bond with adjacent structural units. The whole test sample does not adopt suspension method because its mass is too light, so the suspension method (stiffness of suspension point and suspension rope) has a great effect on the test, so soft polyurethane foam was padded under the test sample to best simulate free vibration conditions. The retro-reflective tape is applied to the surface of exciting and pickup point to increasing its ability to reflect the incident laser beam. Laser scanning vibrometer, PDV100 from Polytec R , is used for vibration displacement pickup on the left and right end, as shown in Fig.5 (b) . Similar to FEA calculation, 20logwout/win (wout and win are the output and input of displacement, respectively) are defined to depict the attenuation of vibration. Noting that the pickup point of longitudinal vibration is different from vertical flexural vibration.The electromagnetic vibration exciter B&K4810, fed by power amplifier B&K 2716, produces a periodic chirp signal (10 ∼ 1200 Hz), and the multichannel analyzer B&K3560C turns the pickup signal into the B&K 4809 Pulse, then frequency domain signal is obtained by FFT.
From Fig. 6 (a) , vertical flexural wave could be attenuation in three-dimensional first and second band gaps, their transmission spectra could reach a minimum of −40 dB. The lateral flexural vibration may exist, but foam supporting could offset its effect to the greatest extent. In Fig. 6 (b) , longitudinal wave attenuation corresponds not very well with the two band gaps, because longitudinal vibration attenuation effect actually are embodied by four unit cells, so the real attenuation effect will be greatly discounted. In FEA calculation, the number of periods in the unit cell is more than that in the test sample, hence red lines are consistent with the first two band gaps, and prove the the accuracy of FEA calculation.
V. CONCLUSION
In conclusion, this study proposed an hollow metamaterial beam with acoustic black hole, FEA results shows its band gap region would be compressed relative to two-dimensional model, potential physical mechanism is more lateral flexural wave coupled, and the polarization effect of vertical flexural wave along Z direction. The results of modes analysis are helpful to the design of the next three-dimensional composite acoustic black hole. The effects of geometric parameters m1, m2 and γ on three-dimensional band gaps are discussed in detail, and vibration test to verify our design and calculations. The structural design in this paper is simple and the processing is flexible and convenient. The studying conclusion has potential applications in the separation, coupling and interference of elastic wave modes. 
